In this article, we demonstrate that the angles at which second-harmonic (SH) waves are generated at ferroelectric domain walls satisfy the Snell law for nonlinear media. Nonlinear reflection and refraction are observed experimentally and the relation is found to be in good agreement with theoretical predictions. The ratio of the intensities of refracted and reflected waves has been measured. Under an anomalous-dispersion-like condition, the forbidden nonlinear reflection and refraction is analyzed and found to have a behavior similar to that of the total internal reflection in linear optics. In the periodic domain structure, the coherent superposition of SH waves has been observed, on the basis of which we have proposed a comprehensive theory to explain nonlinear effects in multilayered structures.
I. INTRODUCTION
The Snell law, named after the Dutch astronomer and mathematician, Willebrord Snellius [1] , is a fundamental optical principle that describes the behavior of an optical wave passing through the interface between two media with different refractive indices. The trajectories of the reflected and refracted waves follow the formula n 1 sin α = n 1 sin θ r = n 2 sin θ t , where α, θ r , and θ t are the angles of incidence, reflection, and transmission, respectively, measured from the normal to the interface. n 1 and n 2 are the refractive indices of the respective media. The Snell law has been generalized for metasurfaces [2] where a linear phase shift is introduced artificially. The laws of reflection and refraction, after derivation from Fermat's principle, can be written as n 1 sin α + λ 2π d dx = n 1 sin θ r = n 2 sin θ t , where λ is the wavelength of the incident wave and d dx denotes the gradient of phase discontinuity along the interface. Metasurfaces have attracted considerable interest in recent times and have been employed to demonstrate extraordinary phenomena, such as negative refraction [3, 4] , perfect absorption [5, 6] , and polarization modulation [7] .
With the development of high-intensity coherent light sources, nonlinear optical effects are being increasingly investigated [8] . The behavior of a harmonic wave at the boundary of a nonlinear medium is an important aspect of nonlinear optics. The trajectories of the emitted harmonic waves are described by the generalized Snell law that is obtained by solving Maxwell's equations with boundary conditions [9] . The difference in the refractive indices of the two media ensures that the harmonic wave passing through the boundary is either reflected or refracted. With the increasing role of microstructures and nanostructures [10, 11] * renhuaijin@caep.cn † xfchen@sjtu.edu.cn and two-dimensional materials [12] in nonlinear interactions, nonlinear interfaces have attracted significant interest in recent years. Moreover, phenomena similar to those observed at crystal boundaries [13] also occur at the artificial interfaces of nonlinear media, such as ferroelectric domain walls [14] . However, the refractive indices of the two domains are the same, provided the wavelength of the incident wave remains unchanged. The only difference between positive and negative domains lies in the direction of the spontaneous polarization, that is, the signs of the nonlinear coefficients are opposite.
In this article, we analyze the nonlinear effect at domain walls using coupled wave equations, and demonstrate, both theoretically as well as experimentally, that the angles at which the transmitted and reflected second-harmonic (SH) waves are emitted are determined by the dispersion relationship in bulk media and satisfy the Snell law for nonlinear media. It is observed that the difference in the second-order nonlinear coefficient χ (2) on the two sides of the domain wall results in reflection and refraction of the SH waves at the interface. Furthermore, we observe the presence of a forbidden region for the emission of SH waves in an anomalous-dispersion-like environment, which has a form similar to the total internal reflection.
II. THE COUPLED WAVE EQUATION AND SIMULATION
To analyze the effects of an abrupt change in χ (2) on nonlinear processes, we considered the inverse domain regions to be semi-infinite, as shown in Fig. 1 . The domain wall lies at x = 0 and is the interface between the positive and negative domains. Since the polarization direction in the two domains is opposite to each other, the second-order nonlinear coefficients on the two sides of the domain wall are χ (2) and −χ (2) , respectively. The dispersion relationship is assumed to be homogeneous in the entire region. The fundamental wave y χ (2) (2) and −χ (2) , respectively.
(FW) is incident on the domain wall at an angle of α ∈ (0,π/2). The electric field strength of the FW can be expressed as
where A 1 F (x,y) and k 1 are the complex amplitude and wave vector of the FW, respectively. If the FW is a Gaussian beam and the modulation along the y axis is neglected for simplicity, the dispersion function of the amplitude turns out to be
2 , where a is the beam width. The amplitude A 1 is assumed to be constant, considering the high energy of the pump and low conversion efficiency of the nonlinear processes.
Considering the slowly varying envelope approximation, the coupled paraxial wave equation of the SH wave turns out to be [15] [16] [17] [18] 
where A 2 , k 2 , and n(2ω) denote the complex amplitude, wave vector, and refractive index of the SH wave, respectively, ω is the angular frequency of the FW, and g(x) denotes the distribution function of χ (2) . In this case, g(x) has the form
Notably, the paraxial approximation of the coupled wave equation restricts the incident angle of FW to be grazing along the domain wall.
Using the Fourier-transform technique, we can solve this coupled wave equation, and the intensity of the SH wave I 2 = |A 2 | 2 can be expressed as where L is the interaction distance and D(
) denotes the Dawson function. The phase mismatchings in different directions can be expressed as k x = k 2 cos θ − 2k 1 cos α and k y = k 2 sin θ − 2k 1 sin α, where θ ∈ (0,π ) is the radiation angle of the SH wave and is defined as the angle measured along the positive x axis [refer to Fig. 2(a) ].
From Eq. (3), we should note that the intensity of the SH wave depends partially on the factor sinc 2 ( k y L/2); the intensity would reduce rapidly as k y L increases. This equation predicts the occurrence of SH wave radiation when the partial phase-matching condition k y = 0 is satisfied. Thus the radiation angle of the SH wave generated at the domain wall can be obtained using the equation k 2 sin θ = 2k 1 sin α. If we define the reflection and refraction angles of the SH wave as θ nr = π − θ when θ ∈ (π/2,π ), and θ nt = θ ∈ (0,π/2), respectively (refer to Fig. 1 ), the emission condition of the SH wave can be rewritten as
This is the Snell law for nonlinear processes. The reflection and refraction of the SH wave are caused by the inhomogeneity of the nonlinear coefficient, and θ nr = θ nt , i.e., the refractive index remains unchanged at a frequency 2ω. When the refractive indices and nonlinear coefficients on the two sides of the interface are both different, FW reflects and refracts at this interface. It does not affect the reflection and refraction of SH, and the generalized nonlinear Snell law is still satisfied [17] .
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Using the paraxial wave equation, we demonstrate that the radiation of SH satisfies the nonlinear Snell law for grazing incidence. For small incident angles, the reflection and refraction of SH also exist, but the main effect is the collinear nonlinear process derived from bulk media. The propagating direction of refracted SH approaches that of the FW. The intensity of reflected SH is significantly declined with the decrease of incident angle. When the incident angle is equal to 0, the situation is the same with the quasi-phase-matching process.
By the calculation of Eq. (3), the intensities of SH varying with radiation angles are presented in Fig. 2(b) . We select 5 mol% MgO:LiNbO 3 (LN) as the nonlinear medium, which can be domain reversed using the mature electricfield poling technique [19] . The FW is ordinarily polarized (o-polarized) with a wavelength and beamwidth of 800 nm and 50 μm, respectively. Considering the effective nonlinear coefficient d 31 , the SH wave is set as extraordinarily polarized (e-polarized). So the refractive indices of FW and SH are 2.1665 and 2.3158, respectively. The interaction length, L = 100 μm. As observed from the simulation results, the SH waves radiate at different angles that depend on the incident angle of the FW, and are determined by Eq. (4). With an increase in the incident angle, the intensity of the reflected SH wave is enhanced while the SH wave is attenuated. This occurs because the phase-mismatch factor D(
) affects the intensity of the SH wave when the radiation angle changes. The ratio of the intensities of the refracted and reflected waves can be expressed as
It is worthwhile to note that when the FW is incident at a grazing angle α = 90
• , η = 1, i.e., the refracted and reflected waves have the same intensity. This is referred to as the nonlinear Cherenkov radiation at the domain wall [20, 21] . The Dawson function possesses the odd symmetry. When | k x | > 2.6135/a, there is a negative correlation between the absolute value of the Dawson function and | k x |. Otherwise, they are positively correlated. Generally, the intensity of refracted SH is greater than that of reflected SH, i.e., η 1, since | k x | of refracted SH is smaller than that of reflected SH.
III. EXPERIMENT RESULTS AND DISCUSSION
To experimentally demonstrate the Snell law for nonlinear media, we use a domain-reversed LN crystal fabricated using a large-scale electrical poling technique. The single domain wall lies along the y-z plane of the sample. The output of a regenerative amplifier delivering 50 fs pulses at a repetition rate of 1 kHz with a wavelength centered at 800 nm was selected as the FW. It was focused (f = 100 mm) to a beamwidth of 50 μm. The emitted SH waves were projected on a screen that was placed perpendicular to the sample's x axis. A schematic of our experimental setup is shown in Fig. 3(a) .
During the experiment, the o-polarized FW was incident on the domain wall at different angles. The evolutions of the recorded patterns of the output FW and the reflected (left) and refracted (right) SH waves are shown in Fig. 3(b) . Between the reflected and refracted SH waves, there was phase-mismatched SH collinear with the FW. As this part of the SH signal was generated by the bulk crystal with the phase mismatching k = k 2 − 2k 1 , the intensity was much lower than that of the reflected and refracted ones. The radiation angles of SH signals were different from each other, and they were spatially discrete. As the incident angle α increases, the intensity of the reflected wave increases and that of the refracted wave decreases, in agreement with the simulation results shown in Fig. 2(b) . In Fig. 3(c) , we present the variation of the internal angles of the SH wave as functions of the incident angle of the FW. The angle of reflection θ nr and angle of refraction θ nt are equal. The theoretical prediction as per Eq. (3) [solid curves in Fig. 3(c) ] and experimental results [open symbols in Fig. 3(c) ] are in good agreement. The dependence of the ratio of the intensities of the refracted and reflected SH waves on the internal incident angle of the FW, α, as predicted by Eq. (5), is also verified experimentally [refer to Fig. 3(d) ]. Since the FW propagating from air to the LN crystal undergoes refraction, the internal incident angle α was varied between 70
• and 90
• . The polarization direction of the SH wave is perpendicular to that of the FW, i.e. an oo-e nonlinear process occurs in the LN crystal under normal dispersion environment following the Sellmeier equation [22] . However, when the wavelength of the FW is greater than 1030 nm, the refractive index of the o-polarized FW is greater than that of the e-polarized SH wave; the sample environment, under such circumstances, becomes anomalous-dispersion-like. Since n(ω) > n(2ω), the incident angle of the FW has a cutoff value, above which refraction and reflection of the SH wave are forbidden. Using Eq. (4), the cutoff angle can be defined as which has a form similar to the expression for the critical angle above which total internal reflection occurs as per the Snell law for linear media.
We used an optical parametric amplifier (TOPAS, Coherent, Inc.) to obtain an o-polarized FW of wavelength 1250 nm. The observed reflected and refracted SH waves were e-polarized, indicating the occurrence of nonlinear processes under an anomalous-dispersion-like environment. The experimentally observed dependence of the internal angles is in good agreement with the theoretical prediction (Fig. 4) . Furthermore, no SH wave reflection or refraction was observed in the forbidden region. The experimentally obtained value of the cutoff incident angle of the FW was 81.1
• , which is in close agreement with the value obtained using Eq. (6) (81.4
• ). In this article, we have considered a single nonlinear interface. In more complex structures, such as ferroelectric crystals with periodical domain reversal, the radiation and interference of multiple reflected and refracted SH waves can also be analyzed using this comprehensive theory. As shown in Fig. 5(a) , the phase difference between the refracted SH waves generated at adjacent domain walls is
where λ 2 denotes the wavelength of the SH wave and d is the distance between the adjacent domain walls. Phase differences equal to integer multiples of 2π will lead to a coherent superposition of the SH waves. Thus, the intensity of the SH wave can be enhanced by selecting the FW incident angles such that = m × 2π , where m are arbitrary integers. We used a continuous-wave laser with a wavelength of 1064 nm to verify the coherent superposition effect of SH waves. The sample was a periodically poled LN crystal with a period of 6.5 μm and a duty cycle of approximately 0.47. The polarization direction of the sample is inverted periodically. With reciprocal vectors of the sample unparalleled to the FW, the collinear SH is diffracted at a different order, which is the nonlinear Raman-Nath diffraction [23, 24] . When the reciprocal vector compensates for the phase mismatch at specific incident angles, the intensity of the bulk part of SH is extremely enhanced, well known as the nonlinear Bragg diffraction [25] .
For the refracted SH wave, as shown in Fig. 5(b) , the intensity was significantly enhanced at specific incident angles of the FW. We observed five coherence peaks in our experiment, out of which the ones with slightly lower intensity (II and IV) occur due to the duty cycle of the sample. The simulation results and experimental data are in good agreement, thereby validating the Snell law for nonlinear media. It also opens up avenues for potential applications in efficient frequency conversion and fabrication processes for nonlinear photonics.
IV. CONCLUSION
The phenomenon of SH wave emission at domain walls was analyzed using coupled wave equations. We demonstrated, both theoretically as well as experimentally, the validity of the generalized Snell law for nonlinear media. The experimentally obtained ratio of the intensities of the refracted and reflected waves was found to be in good agreement with theoretical predictions. We demonstrated the presence of a forbidden region for SH wave reflection and refraction under an anomalous-dispersion-like environment, which is similar to the phenomenon of total internal reflection in linear optics. Furthermore, the interference of refracted SH waves in periodic structures, and the phenomenon of coherent superposition, have been studied and analyzed. Since artificial structures and layered materials are being increasingly used in nonlinear optics, the generalized form of the Snell law offers a more comprehensive route for understanding complex nonlinear processes.
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